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ABSTRACT 

It is shown that the asymptotic growth of the microscopic degeneracy of BPS 
dyons in four-dimensional = 4 string theory captures the known corrections 
to the macroscopic entropy of four-dimensional extremal black holes. These cor- 
rections are subleading in the limit of large charges and originate both from the 
presence of interactions in the effective action quadratic in the Riemann tensor 
and from non-holomorphic terms. The presence of the non-holomorphic correc- 
tions and their contribution to the thermodynamic free energy is discussed. It is 
pointed out that the expression for the macroscopic entropy, written as a func- 
tion of the dilaton field, is stationary at the horizon by virtue of the attractor 
equations. 



1 Introduction 



String theory predicts deviations from the Bekenstein-Hawking area law for the entropy of 
black holes. For large charges the microstate counting yields a statistical entropy which 
generically coincides with the area of the corresponding macroscopic black hole solutions [1] . 
In a number of cases, also subleading corrections can be determined. This is especially 
relevant for the hcterotic string, where certain elementary string states can be identified 
with black holes. For 1/2-BPS states the charges arc restricted and as a result the leading 
contributions to the entropy vanish [2]. Therefore, the dominant contribution to area and 
entropy will come from subleading terms, which do not obey the proportionality relation as 
implied by the area law. In all of this it is important that one is dealing with BPS states, 
corresponding to extremal black holes, so that the effects of string interactions remain under 
control. 

On the macroscopic side subleading corrections have been extensively studied in the frame- 
work of four-dimensional N = 2 supergravity, where they are induced by couplings in the 
effective Wilsonian action that are quadratic in the curvature tensor. In [3] a general formula 
for the entropy was presented in terms of the homogeneous, holomorphic function F{X,A), 
in which these N = 2 supergravity Lagrangians are encoded. Here the holomorphic variables 
X are related to the complex moduli associated with vector supcrmultiplets, and the depen- 
dence on A characterizes the terms quadratic in the Riemann tensor. The N = 2 entropy 
formula was successfully confronted with the results from microstate counting for a class of 
black holes arising in compactifications of M-theory and type-IIA string theory [4,5]. In the 
M-theory setting the microscopic object that enters is the five-brane, wrapped on a four-cycle 
of a Calabi-Yau three-fold. An important role in the supergravity analysis is played by the 
attractor equations [6-8] which fix the values of the moduli at the horizon in terms of the 
black hole charges. For effective actions with interactions quadratic in the curvature the 
validity of these attractor equations was established in [9]. 

Recently, it was shown [10] that the N = 2 entropy formula can be rewritten as a Legendre 
transform of a real function, J-iQra, where (p denotes the electric potentials at the horizon 
and the electric charges are given by Qe = dT/d(p. Subsequently was identified with the 
logarithm of a mixed black hole partition function, which is microcanonical with respect to the 
magnetic charges Qm and canonical with respect to the electric potentials (f) at the horizon. 
It was then conjectured that this partition function can be written as a Laplace transform 
of the microscopic black hole degeneracies d{Qe,Qm)- The original result of [3] is to be 
recovered in the limit of large electric charges. These observations have rekindled the interest 
in the question of how the entropy formula is precisely related to the actual microscopic 
degeneracies. In this paper we will study the relation between the entropy formula and the 
microscopic degeneracies for iV = 4 dyons proposed in [11] beyond the leading order. 

In [12] the modified entropy formula was already applied to heterotic black holes. Al- 
though the formula was initially derived for N = 2 supergravity, the result can readily be 
generalized to the case of heterotic = 4 supersymmetric compactifications. This involves 
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an extension of the target-space duality group from S0(2, 18) to S0(6, 22) with a corre- 
sponding extension of the charges and the moduh. The = 4 supersymmetric heterotic 
models have dual realizations as type-II string compactifications on K3 x T^. In contrast 
to N = 2 Calabi-Yau compactifications, the holomorphic function which encodes the effec- 
tive Wilsonian action is severely restricted in the N = 4 case. Therefore it is often possible 
to obtain exact predictions in this context. In [12] the perturbative holomorphic function 
for the N = 4 heterotic theory was appropriately extended in order to obtain results that 
were invariant under both target-space duality and iS-duality. While the first requirement 
posed no particular problems, the latter necessitates the addition of non-holomorphic terms. 
This feature is not unexpected: the Wilsonian couplings are holomorphic but may not fully 
reflect the symmetries of the underlying theory, while the physical couplings must reflect 
the symmetry and may thus have different analyticity properties. It turned out that the 
non-holomorphic terms are determined uniquely by requiring S'-duality and consistency with 
string perturbation theory, and are in accord with the results of [13]. 

Including the non-holomorphic corrections, the result of [12] can be summarized as follows. 
The non-trivial attractor equations are the ones that determine the horizon value of the 
complex dilaton field S in terms of the black hole charges. They read as follows, 

\s\'Qi = Ql+^^{S + S){s^ + S±)log[{S + S)%{S)n , 

— 1 28 r — / r) r) \ — 

{S-S)Ql = -2iQ,.Q^-—-l{S + S)[—-^)log[iS + Sf\v{S)\'']. (1) 

Here Q^, ^iid QcQm arc the three target-space duality invariant contractions of the 
electric and the magnetic charges, Qc and Q^, which, in the = 4 extension, take values 
in the lattice F^'^^. From the supergravity calculations there is no intrinsic definition of the 
lattice of charges and consequently the dilaton normalization is a priori not known. ^ Our 
definition of the Dedekind eta^function 'r){S) follows from the asymptotic formula, log 7/(5') 
— ^ttS" -I- e"^'^'^ -I- 0{e~^^^). We also recall that rf'^iS) is a modular form of degree 12, so 
that rf'^{S') = {icS + d)^^ r)'^{S), where S' is the transformed dilaton field, given below in 
(3). The constant ci must be equal to ci = — ^, as we shall discuss later. 
The expression for the macroscopic entropy reads, 

+ 128cilog[(5 + -S)6h(5)r] , (2) 

with the dilaton subject to (1). The first term in this equation corresponds to one-fourth of the 

horizon area, which, via (1), is affected by the various corrections. The second term represents 

an extra modification, which explicitly contains the non-holomorphic correction. The above 

results are invariant under target-space duality and S-duality. As explained above, this was 

achieved at the price of including non-holomorphic terms, here residing in the log(S'-|-,S) terms, 

at an intermediate stage of the calculation. Under S-duality the dilaton field transforms in 

^We have deviated from the notation in [12] and employ the definitions: Qe = ^{M,M), = —{N,N) 
and Qe-Qm = M ■ N. Note that, in the hmit of large charges, Ql and are negative. 



-vr 



Qi-iQeQm {S~S) + Qi,\S\ 

s + s 
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the usual manner under SL(2, Z) and the S0(6, 22) invariant contractions of the charges 
transform according to the corresponding arithmetic subgroup of S0(2, 1), 

^ aS — ib 

icS + d' 



-i2 , I, J ^2 



<5m ^ c^Ql + d^Qi + 2cdQc-Qn,, 



Qe Qm — > ac Qe + bd + {ad + be) Q^- Qm • (3) 

Here a, b, c, d are integer-valued with ad — be = 1, such that they preserve the charge lattice. 
Observe that the above transformation rules then fix the normalization of the dilaton field. 

In string perturbation theory the real part of S becomes large and positive, and one 
can neglect the exponential terms of the Dcdckind eta-function. In that approximation the 
imaginary part of S equals Im 5 = —Qe Qm/Qm the real part is determined by a quadratic 
equation, 

iQm (Qm + 512ci) {S + Sf - Ql iS + S)= Ql Ql - {Q^-Qm? . (4) 

Obviously, these perturbative results are affected by the presence of the non-holomorphic 
corrections. Using (4), we find the following expression for the corresponding entropy, 

5ma.ro = -2n gl^j^'^g^"^' + 768 CI [log(5 + S)-1]. (5) 

In this paper wc will be considering the limit of large charges, where Q^ Ql — {Qe-Qm)"^ ^ 1 
and -i- Ql is large and negative. We will consider a uniform scaling of all the charges. 
The dilaton field will remain finite in that limit; to ensure that it is nevertheless large, one 
must assume that \Ql\ is sufficiently small as compared to \/ Qe Ql ~ {QeQmY- 

In the N = A setting the purely electric or magnetic configurations constitute 1/2-BPS 
states, whereas the dyonic ones are 1/4-BPS states. In the N = 2 truncation this distinction 
disappears. While the results of [12] apply to both cases, the purely electric case was not 
given much attention at the time. To describe the 1/2-BPS states, we assume Q^ to be large 
and negative and Ql = QeQm = so that we are in a different domain of the charge lattice, 
where Q'^QI - {Qe- Qm? = 0. In this case the leading contributions to the entropy and 
the area will vanish. Consequently, the subleading contributions will now dominate and one 
finds, 

S + S ^ VQc/(128ci), 

»5macro ^ 2 TT Vl28ci Q2 + 384C1 log|Q^|. (6) 

The leading term in the entropy is now one-half of the area. This is due to the fact that the 
terms proportional to the square of the curvature contribute to the area and entropy with 
a relative factor 2, as was already noted in [12], while the 'classical' contribution vanishes. 
The physical implications of this phenomenon have recently been discussed in a number of 
papers [14-17]. 
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Let us compare (6) to the asymptotic degeneracy of 1/2-BPS states of heterotic string 
theory, which is given by 

d(Qe) = fda ^ « exp (^Att _ ^ log \qI^ , (7) 

where the integration contour encircles the point q = exp(27ricr) = 0. We therefore find 
agreement at leading order in large \Qe\, provided that ci = — ^ as claimed, while the 
logarithmic corrections fail to agree. The value for ci can also be deduced from string-string 
duality. For type-II string theory compactified on K3 xT^, ci is equal to —2^64^' where 
X is the Euler number of K3. As the latter is equal to 24, one obtains the same value for 
ci. It is worth pointing out that the coefficient of the logarithmic terms (6) is thus equal to 
—6. The difference with the corresponding term in (7) is precisely the contribution that one 
obtains from the Gaussian integral when deriving the right-hand side of (7) by a saddle-point 
approximation. It seems unlikely that this is a coincidence. A recent, extended discussion of 
this discrepancy can be found in [16]. 

As stated above, this paper will deal with the comparison between the degeneracy of 
dyons proposed in [11] and the subleading corrections that are known from the supergravity 
description [3,12]. One of the main results is that, in the limit of large charges, the degeneracy 
formula leads to precisely the equations (1) and (2). The paper is organized as follows. In 
section 2 we introduce the formula for the microscopic dyon degeneracies in A'^ = 4 string 
theory. In section 3 we evaluate its asymptotic behaviour in the limit of large charges and 
show that it is in precise agreement with the results from the macroscopic description. Finally, 
in section 4, we present our conclusions. We also discuss the contribution of non-holomorphic 
terms to the thermodynamic free energy and some aspects related to the 1/2-BPS states. 
Finally we point out that the attractor equations (1) ensure the stationarity of the expression 
for the macroscopic entropy (2), written as a function of the dilaton field. 



2 Counting dyon states 

Quite some time ago, Dijkgraaf, Verlinde and Verlinde proposed a formula for the microscopic 
degeneracies of dyonic states of A = 4 string theory [11]. The degeneracy is expressed in 
terms of an integral over an appropriate 3-cycle that involves an automorphic form $io(fi), 

r giTr(Q^OQ) 

d{Qe,Qm) = fdn-^-^ , (8) 

where U is the period matrix for a genus-2 Riemann surface; it parametrizes the Sp(2)/U(2) 
cosets and can be written as a complex, symmetric, two-by-two matrix. In the exponential 
factor the direct product of the period matrix with the invariant metric of the charge lattice 
(the latter is suppressed in (8)) is contracted with the charge vector {Qm, Qe) comprising the 
28 magnetic and 28 electric charges. This formula was conjectured based on the fact that 
it generalizes the expression (7) for the degeneracies of electric heterotic string states to an 
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expression that is manifestly covariant with respect to S-duahty. In what follows we shall be 
using the parametrization, 





^= ' Q= r ' (9) 




so that Q'^nq = pQl^ + aQl + lvQe-Qm- 
The period matrix $7 transforms under Sp(2, Z) transformations, which can be written as 
a four-by-four matrix decomposed into four real two-by-two blocks, A, B, C, and D according 
to, 

ATc = C^A, B^D = D^B. ^''^ 
In terms of these sub-matrices, il transforms as follows under Sp(2,Z), 

n^n' = {An + B){cn + D)-\ (ii) 

An important related result is, n - Cl ^ {Q C'^ + D^)-^{n - n) {C n + D)'^. 

Modular forms ^p{0,) of degree p transform under the modular group Sp(2, Z) according 

to 

%{n') = det(C n + Df . (12) 

These arc holomorphic functions over the Sicgcl half-space, defined by det(r2 — il) < 0. The 
modular form appearing in (8) is the unique cusp form of degree 10. It is proportional to the 
square of the Siegel cusp form A5(i7), which is of degree 5 and has a non-trivial multiplier 
system (i.e., there are extra sign factors in (12) depending on the particular Sp(2, Z) element). 
The cusp form can be defined as a product over all even theta-constants. Prom its behaviour 
under modular transformations, it follows that it can be defined as a Fourier series with 
unique coefficients (see, e.g. [18]), 

A5(S7) = f{k,l,m)e'x.^[m{kp + la + mv)] , (13) 

{k,l,rn\ 

where the sum extends over k,l,m = 1 mod 2 with Akl — > and k, I > 0. The f{k, I, m) 

are integral coefficients; for instance, one has /(1, 1, 1) = —/(1, 1,-1) = 64. Obviously, a 
corresponding expansion exists for 'I>io.'^ 



^An alternative form of the Fourier series involves products, 

$io(fi) = [^A5(fi)]' = qM n (1 - <ip 1^ gD^'"'-'"' , 

{k,l,m} 

where qp = exp(27rip), q^ = exp(27ricr) and g„ = exp(27riv). Here the product extends over integers k,l,m, 
with k,l > 0, or, when fc = Z = 0, with m < 0. The constants c{kl, m) depend only on 4kl — and are 
related to the elliptic genus of K3; they vanish for 4kl — < — 1. 
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The cusp form has single zeroes; one is at = and the other ones are in the Sp(2,Z) 
image of v = 0. The zero at i; = is obvious from the relation, 

^,oin) ^v^rj^\p)rj^\a), (14) 

which, for instance, follows from the representation of $io(i^) in terms of even theta-constants, 
and which we shall be using later. Here we note in passing that $io(fi) is an even function 
of V, as follows from (12) by applying a transformation with A = D = diag(l,— 1) and 
B = C = 0. The zeroes emerge as poles in the integrand of (8) and therefore an integral over 
a 3-cycle that encloses such a pole will correspond to a particular coefficient in the Fourier 
series for the inverse of <I>io. However, the poles arc located in the interior of the Siegel half- 
space and not just at its boundary. Therefore the choice of the 3-cycles in (8) is subtle, just 
as the corresponding definition of the coefficients of the Fourier series of (<I>io)^^, as one could 
be picking up extra finite residues when moving the cycle through the Siegel half-space. This 
aspect should be borne in mind when considering the S-duality covariance of the expression 
(8). 

Formally, the S-duality covariance of (8) follows from the fact that the effect of the 
transformation (3) of the charges can be compensated for by a special Sp(2, Z) transformation 
on the period matrix, ^ AQ A^^ (possibly up to integer real shifts associated with the sub- 
matrix B). This corresponds to taking = , and C = 0; choosing A = with 
ad — bc= 1, induces the required S0(2, 1) transformations of {p, a, v), 

p —y p + a — 2 abv , 
a (? p + a — 2cdv , 

V — > — acp — bda + {ad + bc)v . (15) 

The fact that the automorphic form $10 is invariant under this subgroup of Sp(2, Z) then 
formally ensures the S'-duality covariance of (8). A more rigorous argument along these lines 
should in principle yield the S'-duality invariant charge lattice, but we are not aware of such 
a result in the literature. 

In the next section we will be studying the large charge limit of (8) by first picking out 
the residue from the integral over v followed by a saddle-point approximation to perform the 
remaining integrals in p and cr. Here the stationarity requirement of the saddle-point method 
will implictly deal with the issue of choosing the appropriate 3-cycles. 

3 Asymptotic density of dyon states 

In [11] it is argued that, in the limit of large charges, the leading behaviour of the degeneracy 
of dyon states is determined by poles associated with the rational quadratic divisor, 

V = v + pa-v'^ = {). (16) 

Subsequently, it was shown that the leading-order contribution agrees with the macroscopic 
black hole entropy based on the area law. We expect that the subleading contributions can be 
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extracted from the same pole terms, up to exponentially suppressed contributions. In order 
to compute the subleading contributions, we need to know the form of the automorphic form 
^>io(f^) in the vicinity of the divisor (16). This can be obtained from the degeneracy limit 
V ^ 0, for which the automorphic form $io(0) has the behaviour already indicated in (14), 

^ ^ ^ +0(1;°). (17) 



The divisor u = is related to the divisor (16) by a Sp(2,Z) transformation given by —B 
C = I2, = 0, and A = ( ? J ), which yields 

,2^ 




1 / -(T 




(18) 



det 9, \yj^p(j-y'^ 

This transformation determines an expansion of $io(J^) similar to (17) as X> — > 0, 
_J_ ^ det(^)^° _ J_ det(^)^^ 

The arguments of the Dedekind eta-functions are given by (18), 

P' = ct' = (20) 

pa — pa — 

The contributions from other divisors will be exponentially suppressed and we can now insert 
expression (19) into (8) and evaluate the contour integral for v around the poles v± = ^±A, 



where we have defined A = y^ + pa. Introducing 7' = — 1/p', we find that the integrand for 
the remaining integral over p and a becomes 



A{p, a) exp [iirQe-Qm + i7rX(p, a)] , (21) 



where 



X{p,a) = pQl + aQl±2AQ^-Q^ + ^\oga-^logr]ia')-^logvil') 

ITT ITT ITT 



A(p,a) 



4A2 



27ri Qe-Qm T - + 48a a' ^^i-^ - 7' 



1 , .0 f /dlogr/(cr') ,d log 7/(7'^ 



A V da' ' d7' 



(22) 



The term iTrQe'Qm in (21) represents an overall sign factor as QeQm is expected to take 
integer values, so that we will drop it in the following. Furthermore, we have introduced the 
parameter a, which is given by a = 1, in order to keep track of the terms coming from the 
Dedekind eta-functions. This parameter is the counterpart to — 64ci in (2). In order to arrive 
at this result, we have used the modular properties of the Dedekind eta-function to express 
rf''^{p') in terms of r]'^'^{—l/p'), which gives rise to the term 12aloga in mX{p,a). In doing 
so the factors det(r2) cancel. 

It is instructive to express the integrand solely in terms a' and 7'. To this extent we note 
the following identities valid on the divisor (16), 

v± = ^±A=-^, p=^^ a= (23) 

2 (j' + i a' + -f' a' + i ^ ' 
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Substituting these expressions in (22), the exponent takes the suggestive form 

i7rX(o-,p) = -TT -2alog (o- +7)°r?(a) r?(7 

[ — i(cr' + 7 j J 



(24) 



which holds for both poles aX, v = v±. At this point we observe a remarkable fact: if one 
identifies, 

a' = iS , y = iS , (25) 

in the expression (24), it precisely coincides with the macroscopic entropy formula (2) pre- 
sented in section 1. Also the arguments of the Dedekind eta- functions match: the functions 
'q{S) and 'q{S) that appear in (1) and (2) are functions of the argument q = e~^'^^ and 
q = e~^'^^ , respectively, while in the microscopic approach r]{a') and 77(7') are functions of 
q = e^'^"^' and q = e^'^^'^' , respectively. 

Before proceeding let us first consider some consequences of this surprising match. First 
of all, the identification implies that a' is equal to minus the complex conjugate of 7', and 
therefore the expression (24) is real. Secondly, one may wonder what the consequences are 
for S'-duality. To investigate this, let us determine the S'-duality transformations on p, a and 
v± as induced by the S-duality variations of S, through (23). A simple calculation yields the 
following result, 

p —>■ p + (J — 2ahv± + ah , 
a —>■ p + (f a — 2 cdv± + cd , 
v± — acp — bda + {ad + bc)v± — be . (26) 

Hence, these transformations coincide with the transformations (15), up to translations by 
integers. In fact, they constitute the subgroup of Sp(2, Z) that leaves the divisor (16) invari- 
ant. This explains why they apply irrespective of which pole one chooses. Based on these 
observations, the identification (25) seems to be a very sensible one indeed. 

The remaining two integrals associated with the 3-cycle will be carried out in a saddle- 
point approximation. Note, however, that the integrand (21) also contains a contribution 
from the factor A{p,a). Of course, both X{p,a) and A{p,a) will enter in the saddle-point 
evaluation of the integral and in principle, one should determine the saddle-point values of 
p and a from the extremality conditions of the complete integrand. Nevertheless, we will 
treat the two pieces X{p, a) and A(p, a) of the integrand (21) separately. While A(p, a) does 
contribute (logarithmically) to the saddle-point value of the integrand, we initially neglect 
A(p, a) when determining the saddle-point. Hence we will be expanding the integrand around 
an approximate extremal point and after performing the integrations there will be additional 
contributions involving derivatives of log(A(p, cr)). As we shall see, these contributions are 
suppressed by inverse powers of derivatives of X{p,a) and the approximation is reliable 
because the derivatives of X{p, a) contain terms proportional to the charges, unlike the 
derivatives of log(A(p, a)). 
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The saddle-point equations derived from exjp{mX{p, a)) are given by 



mdpX 



iTrQm + 2i7r(5e-<3 



a' 



i 



+ 2Aa 



a' + i 



a' 



d log ri{a') d log ry (7' 



da' 



d7' 



(27) 



and 



mdaX = mQl - 2i7r((5e-Qm) 
- 12a(a' + 7') - 24a 



o 7 

o' — 7' 
a' + 7' 



■ ,2 dlog?7(o-0 ,2 d log 77(7' 

(7 ; — : 7 



da' 



d7' 



= . 



(28) 



Note that i7rX(/9, a) and the saddle-point equations (27) and (28) derived from it hold irre- 
spective of the pole at v± that has been selected in the initial contour integral. The only 
dependence resides in the relation between a', 7' and p, a, specified by (23). But since the 
saddle-point equations are identical for both poles, the choice of the pole is irrelevant. 

With the identification (25) the saddle-point equations (27) and (28) precisely coincide 
with the non-holomorphic attractor equations (1). We conclude that a solution to the saddle- 
point equations is provided by 



15, 



t'Io 



iS, 



(29) 



where S is subject to (l).For this solution, mX given in (24) is precisely equal to the macro- 
scopic black hole entropy! Although it is conceivable that the condition 7' = —a', which 
is implied by (25), can be relaxed and other saddle-point values than those dictated by the 
attractor equations (1) can be found, we believe this to be unlikely. Firstly, for the leading, 
a-independent terms in (24) to be real, a' -|- 7' must be imaginary and a' — 7' real. This 
implies that 7' = —a'. Secondly, we prove (29) by direct calculation in the limit where a' 
and 7' have large and positive imaginary parts. In this limit, we can expand the Dedekind 
eta-functions and solve the saddle-point equations for a' — 7' and a' -I-7'. The equations (27) 
and (28) simplify and one finds 
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2 Qc' Qn 



Inserting this expression into (28) we find the following equation for a' -|- 7', 

-iQm(Qm - 8a)(^' + if + ^Qm(^' + V) = QI QI - {QeQm) 

ITT 



(30) 



(31) 



This is a quadratic equation which uniquely determines the value of a' -|- 7' in terms of the 
charges. A comparison of (31) with (4) shows that the saddle-point values for — i(a'-|-7') and 
i(a' — 7') are precisely the attractor values for the real and imaginary parts of the dilaton S. 
Hence, we are necessarily led to a' — 7' = —i{S — S) and a' -|- 7' = i{S + S) in accord with 
the identification (25). 
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Let us return to saddle-point approximation for the remaining integrals. As stressed 
above, we now have to include the factor A{p,a), which has the following form, 



log A{p, a) = log 
+ log 1 + 7 



J\2 



1 



ivr Qe- Qi, 



"'^ - ) (log W - Y] + 2 a log [ri^'ia') ) 



(32) 



Furthermore wc need the expression for the matrix of the second derivatives of 'mX{p,a), 
which takes the form 



d^ip,a) 



{a' - if 



+ 7'2 



+ 



(33) 



-2c7'2y2 

where we suppressed terms that do not depend explicitly on the charges. 

With these expressions we can complete the saddle-point approximation. First, we note 
that the derivatives of log(A(p, a)) are of order {QcQtnp, whereas the leading term of the 
matrix of second-order derivatives of \ttX{p,(j) is proportional to QcQm- Furthermore, we 
have to perform a two-dimensional integral over the real values of p and a. Consequently, 
the result of the saddle-point approximation yields 

d^(i7rX{p,a)) 



«5micro = ITT^Io + log A|o - i log det 



(34) 



92 (p, a) 

up to terms that behave inversely proportional to QcQra- Note, however, that the second and 
third term depend only on Qg-Qm, whereas the first term depends on all three combinations 
QI, and QeQm and it is known to be invariant under S-duality. Therefore, one expects 
that the contributions from the second and third term will cancel. This is indeed the case: 
computing the last term of (34), we find that it is given by 



— i log det 



d^{mX{p,a)) 



dHp,a) 



= - log 



+ 0(l/Qe-(3. 



(35) 



{a' - y)2 

This term cancels exactly against the first term in (32). Likewise, the attractor equations, 
which correspond to the saddle-point equations (27) and (28), are only modified by terms 
that are inversely proportional to Qe Qm- 

We have thus verified that d{Qe,Qm) defined in (8) is equal to exp((Sinacro) for large 

charges with nonvanishing QcQiu- Here 5macro represents the macroscopic entropy given in 
(2), subject to the attractor equations (1). We expect that the same result can be established 
for the case QcQm = 0. Consequently, we have shown that the dyon degeneracy formula (8) 
leads precisely to the results of [12] summarized in equations (1) and (2). 



4 Conclusions and Outlook 

In the previous section we have established that the formula (2) for the macroscopic entropy 
is in agreement with the microscopic degeneracy of dyons proposed in [11]. The former 
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includes non-holomorphic terms which are crucial for obtaining an S-duality invariant result. 
Here we have demonstrated that these non-holomorphic terms are precisely captured by the 
microscopic counting. 

Let us first discuss the structure of the non-holomorphic corrections, also in the light of the 
observation in [10] that the formula for the black hole entropy formula can be reinterpreted 
as the Legendre transform of the black hole free energy. The entropy formula of [3] is based 
on a supersymmetric Wilsonian effective action, which for A?^ = 2 supergravity is encoded 
in a homogeneous, holomorphic function of projectively defined quantities. In the formalism 
of [3] a convenient set of complex variables was found, denoted by and T. The variable T 
is associated with an extra chiral supcrmultiplct related to the Wcyl multiplct of conformal 
supergravity and its presence in the holomorphic function gives rise to terms in the effective 
action proportional to the square of the Riemann curvature. The relevant function for the 
heterotic case takes the following form [12], 

F(y,T) = _^^ + F«(yi/yO)T, (36) 

where F^^^ is some function of the dilaton field S = —\Y^/Y^. The entropy formula for 
generic homogeneous and holomorphic functions F can be written as 

>S„,acro = [p' Fi{Y, T) - qiY' - 256 Im(FT(y, T))] , (37) 

where the value of —64 represents the value of T taken at the horizon. Likewise, the electric 
and magnetic charges qi and , respectively, determine the horizon values of the Y^ according 
to the attractor equations (using the horizon value T = —64), 

Y'-Y' = i/ , Fi{Y,T)-Fi{Y,i:)=iqi, (38) 

where Fj = dF/dY^ and Fx = dF/dT. The first two terms in (37), which are real by virtue 
of (38), represent one- fourth of the black hole area, while the last term proportional to Fy 
represents the deviation of the area law. 

In [12] the function F^^\S) in (36) was determined by requiring target-space duality and 
5-duality invariance. For achieving consistency with string perturbation theory one must 
introduce non-holomorphic terms. The approach that was followed for deriving these terms 
was somewhat ad hoc. It was first assumed that the attractor equations (38) for Y^ and Fj 
still hold, but that these quantities contain non-holomorphic terms, corresponding to 

F^'\S, S) = log [{S + S)W\S)] . (39) 

TT 

However, when substituting this modification into the entropy formula (37) it did not pro- 
duce an S'-duality invariant result and one had to introduce yet another term equal to 
— 128cilog(5 + S)^. The combined result of these modifications is concisely summarized 
in (1) and (2). As we have already explained in the introduction, the presence of non- 
holomorphic corrections is to be expected in view of the fact that the Wilsonian action, 
which is based on holomorphicity, does in general not reflect the symmetries of the theory. 
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In [10] the result of the holomorphic case was reformulated in terms of a real function 
and it is of interest to see how the non-holomorphic terms will manifest themselves in that 
formulation. This is a priori not completely obvious as both the holomorphicity and the 
homogeneity of the function F were used in the derivation. In [10] the were expressed in 
terms of the magnetic charges and (real) electrostatic potentials at the horizon, 

so that the first set of attractor equations (38) is already incorporated. The remaining 
attractor equations (38) and the entropy (37) can then be written as follows, 



dJ='i(p,p) 



d(j) 



I 



Sms..o{p,q) = H't>.P)-<t>'^^^, (41) 
where the real function T{(t),p) is defined by 

J'ict^.p) = 47rIm[F(y,T)]T=-64 ■ (42) 

This function is related to the entropy by a Legendre transformation and therefore it will be 
called the thermodynamic free energy. The homogeneity of the function F{Y, T) was crucial 
for deriving (41) and (42) and use was made of the corresponding identity 

Y^Fi{Y, T) + 2 TFr{Y, T) = 2 F{Y, T) . (43) 

To study the effect of (possibly non-holomorphic) corrections, let us simply modify 
according to 

.F(0,p) =47rIm[F(y,T)] +47rJ^(y,F,T,T), (44) 

where for the moment we refrain from setting T = —64. Here O denotes a real function. We 
then assume that (41) remains valid with J^{(f),p) replaced by J^{<p,p), where (40) still defines 
the magnetic charges and electrostatic potentials. The electric charges are thus defined by 

d d - 

[F + 2in) - -^{F - 2i^) =i— J = iqi, (45) 



while the entropy can now be written as 

Sm«ro = ir[p'^(F + 2i!!)-5,y'-2i(TFT-Tjaf) 

+2(2-y'^-?'^)Q]. (46) 

In deriving this result we used (45) and the homogeneity and holomorphicity of F(y, T). 
Furthermore, if we assume that is a homogeneous function of degree 2, so that 

2"-i''8F7-^'^ = 2T5^ + 2T^, (47) 
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we can make direct contact with (37) via the substitutions 

dn{Y,Y,r,t) 



Fi{Y,T) Fi{Y,T) + 2i- 



dYi 



Fr{Y,T) Fr{Y,T) + 2i^^^^^^^. (48) 

So far we have not made any assumption about the holomorphic behaviour of CI. Clearly, 
when Q can be written as the imaginary part of a holomorphic function Cl{Y, T), then we 
recover the previous result with the function F{Y, T) replaced by F{Y, T)+Q,{Y, T). However, 
the result can equally well be applied to more general corrections. For instance, assuming 
that F{Y, T) is just equal to the classical result, characterized by the T-independent first 
term in (36), we find the complete result (1) and (2) by substituting the following expression 
for SI, 

n{Y,Y,T,f) = -^[Tlogri^\S) + flogri^\S) + lir + t)logiS + Sf] . (49) 

At this point we are thus able to give the corresponding expression for J^{(j),p), where now 
we have substituted T = —64, 

+128cilog[(5 + 5)6|77(5)|24] , (50) 

where 



(51) 



0° + ITTp^ 

Thus we see that the real function (50) associated to the macroscopic entropy (2) contains 
non-holomorphic terms, and that these appear in precisely the combination that corresponds 
to the S-duality invariant physical coupling function of the i?^-terms [13]. It would be 
interesting to compare this real function with the one obtained by performing the Laplace 
transform of the microscopic degeneracy formula (8). The non-holomorphic corrections in 
(50) are presumably related to the difference between a Legendre and a Laplace transform 
and associated to integrating out the moduli fields (p"" of the S0(6, 22) coset. 

Finally, we comment briefly on the case of purely electric black holes. These configura- 
tions constitute 1/2-BPS states and have recently been reanalyzed in [14,16], both from the 
microscopic and macroscopic perspective. We would like to point out that it seems difficult 
to match the microscopic and the macroscopic results at the non-perturbative level. To illus- 
trate this, let us compare the attractor equations (1) for purely electric black holes (at the 
non-perturbative level, the dilaton must be real in this case), 

i.a^ = 24iS-96S=ii^. (52) 

with the saddle-point equation for the variable a derived from the degeneracy formula (7), 

i.Q,2 = 127 + 247^^11^, (53) 
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where we have redefined 7 = — l/o". In order to faeihtate the eomparison, we use that the 
r/(r) in this paragraph is always understood as a power series in q = exp(27rir). At the pertur- 
bative level where S is large, both equations agree upon an identification 7 = 2 i S', which is 
presumably related to an observation made in [14] about the dilaton normalization. Contrary 
to the dyonic case, this identification fails at the non-perturbative level, since matching the 
arguments of the Dedekind eta-functions would require 7 = iS". Furthermore, there is no way 
to achieve a non-perturbative matching by rescaling the charges Ql and/or the dilaton S. 
The reason for this mismatch is not known to us at present. Note that in this case the limit 
of large charges is taken in the sublattice characterized by — (QeQia)^ = 0, which is 

unrelated to the sublattice of the dyonic configurations. 

We close with the following observation. As shown in this paper the attractor equations (1) 
are identical to the saddle-point equations which result from the stationarity of the quantity X 
given in (24). This suggests to view the attractor equations (1) as the conditions that ensure 
that the expression (2) for the macroscopic entropy, written as a function of the dilaton field 
S, takes an extremal value at the horizon. The significance of this result is not entirely clear 
to us, as it depends on the way in which we have written the entropy formula. Namely, by 
using the attractor equations we could write the expression (2) into an alternative form which 
takes the same value at the horizon, but for which this stationarity condition would not hold. 
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